Abstract. A TTF-triple (C, T , F ) in an abelian category is one-sided split in case either (C, T ) or (T , F ) is a split torsion theory. In this paper we classify one-sided split TTF-triples in module categories, thus completing Jans' classification of two-sided split TTF-triples and answering a question that has remained open for almost forty years.
Introduction
Since the early sixties torsion theories have played a important role in Algebra. On one side, they translate to arbitrary module, and in general abelian, categories many features of the classical theory of torsion for abelian groups and modules over PID's. On the other, they have been a fundamental tool to develop a general theory of noncommutative localization, which imitates the localization of commuative rings with respect to multiplicative subsets. In modern times, the (pre)triangulated version of them, namely, t-structures in triangulated categories (cf. [5] and [6, Chapter II]) are having a great impact in many fields ranging from Representation Theory to Differential Geometry.
In the context of module categories, one of the concepts that has deserved much attention is that of torsion torsionfree (TTF) classes. It was introduced by Jans ( [10] ), who gave a bijection, for an arbitrary (associative unital) ring A, between TTF-classes in the module category Mod A and idempotent (two-sided) ideals of A (cf. Proposition 2.2 below). Idempotent ideals (of not necessarily unital rings) have recently had a great impact in Homotopy Theory (cf. [11] ) and recollements of triangulated categories, which are the triangulated correspondent of TTF-triples, also play a major role in different areas of Mathematics. That points in the direction of a renewed interest in TTF-classes.
A TTF-class T gives rise to a triple (C, T , F ), which we shall call TTF-triple in the sequel, where (C, T ) and (T , F ) are both torsion theories. Jans also proved that the above mentioned bijection restricts to another one between centrally split TTF triples in Mod A (see definition below) and central idempotents of A. However, the existence of TTF-triples for which only one of the torsion theories (C, T ) and (T , F ) splits, which we shall call one-sided split, has been known for a long time (cf. [16] ) and no classification of them has been available. That is, until now, the idempotent ideals of A which correspond by Jans' bijection to those one-sided split TTF-triples have not been identified, even though there were some efforts to classify those TTF-triples (see, e.g., [2] and [9] ). The goal of this paper is to present such a classification, thus solving a problem which has been open for almost forty years.
All rings appearing in the paper are associative with identity and, unless explicitly said otherwise, all modules are right modules, the category of which will be denoted Mod A. Two-sided ideals will be simply called ideals, when there is no risk of confusion. The terminology that we use concerning rings and modules is standard, and can be found in books like [1] , [4] or [15] , and only in cases relevant to our work we shall give precise definitions.
The organization of the paper is as follows. In section 2 we give the definitions and relevant known results concerning TTF-triples in a module category. In section 3 we give the classification of left split TTF-triples in Mod A (cf. Theorem 3.1 and Corollary 3.2). For the sake of clarity and as an intermediate step, we present in section 4 a partial classification of right split TTF-triples, which is actually total when the ring A belongs to a class which includes semiperfect and left Noetherian rings (cf. Theorem 4.7 and Corollary 4.8). Then, in section 5, we classify the right split TTF-triples (C, T , F ) in Mod A such that A A ∈ F (Theorem 5.4), from which the classification of all right split TTF-triples (Corollary 5.5) follows.
Torsion torsiofree triples
We refer the reader to Stenström's book [15] for the terminology concerning torsion theories that we use in this paper. We convene that if (X , Y) is a torsion theory in Mod A, the associated idempotent radical, that we will call the torsion radical, will be denote by x : Mod A −→ Mod A. Also, if Z is a class of A-modules, we shall put Z ⊥ = {X ∈ Mod A | Hom A (Z, X) = 0 for all Z ∈ Z} (resp. ⊥ Z = {X ∈ Mod A | Hom A (X, Z) = 0 for all Z ∈ Z}). Definition 2.1. Let A be an arbitrary ring. A torsion torsionfree triple (or TTFtriple for short) in Mod A is a triple (C, T , F ) formed by three full subcategories of Mod A such that both (C, T ) and (T , F ) are torsion theories in Mod A.
The following result is due to Jans ([10] , see also [15, VI.8] This correspondence maps the ideal I to the full subcategory T := {M ∈ Mod A | M I = 0}, the full subcategory T to the triple ( ⊥ T , T , T ⊥ ), and the TTF-triple (C, T , F ) to the ideal c(A A ).
We recall that if (C, T , F ) is the TTF-triple associated to the idempotent ideal I, then the torsion radicals associated to (C, T ) and (T , F ) are given by c(M ) = M I and t(M ) = ann M (I) := {x ∈ M | xI = 0}, respectively, for all M ∈ Mod A.
Recall also that a torsion theory (X , Y) in Mod A splits if x(M ) is a direct summand of M , for every A-module M . Definition 2.3. Let (C, T , F ) be a TTF-triple in Mod A. It will be called left-split (resp. right-split ) if the torsion theory (C, T ) (resp. (T , F )) splits. It will be called centrally split if it is both left and right split.
The following is also well-known (cf. [ Put L, C and R for the sets of left, centrally and right split TTF-triples in Mod A. Since there are one-sided split TTF-triples which are not centrally split (cf. [16] ) we should have a diagram of the form:
The following is the main question tackled in the paper:
Question. What should replace the question marks in the diagram above?
3. Left-split TTF-triples over arbitrary rings
The following description of modules over triangular rings will be frequently used.
Remark. Let B and C be rings, M be a B-C-bimodule and A = We can already give the main result of this section. Recall that if C is a ring and M is a C-module, then M is hereditary Σ-injective in case every quotient of a direct sum of copies of M is injective. 
There exists an idempotent e ∈ A such that:
3) There exists a ring isomorphism
. By hypothesis I = c(A) = eA, for some idempotent e ∈ A, and so (1 − e)A ∼ = A c(A) belongs to T . Hence (1 − e)Ae = 0. We know that c(N ) = N I = N eA, which is then a direct summand of N , for every N ∈ Mod A. We also have
(2 ⇒ 1) Of course, T is a TTF-class (cf. [15, VI.8] ). Then it only remains to prove that the torsion theory ( ⊥ T , T ) splits. First of all, since eA ∈ ⊥ T we get that Gen(eA) ⊆ ⊥ T . On the other hand, decompose an arbitrary
, and so N ′ = 0 and
, which is a split torsion theory by (2.ii).
(
, B := eAe and M := eA(1 − e). All the conditions of (3) are clearly satisfied except, perhaps, that M C is hereditary Σ-injective. Let us prove it. In case eA(1 − e) = 0 we are done, so assume that eA(1 − e) = 0. For an arbitrary set X put
The short exact sequence
is not split. Indeed, if it splits we would have T ∈ T ∩ C = {0}, which contradicts the assumption eA(1 − e) = 0. Take now a non-zero epimorphism p : T ։ E, and let us prove that E is injective over C. By doing the pushout of p and i we get the commutative diagram
Notice that 0 = E ∈ T and V ∈ C and, hence, the lower horizontal sequence does not split either. Suppose that E is not injective over C. Then there exists a non-split short exact sequence
By doing the pushout of E → T ′ and E µ −→ V we get the following commutative diagram with exact rows and columns
Since V ∈ C and T ′′ ∈ T the central vertical short exact sequence splits. Therefore we can rewrite the diagram as follows
′′ and the diagram is forced to be isomorphic to:
and then the short exact sequence 0 , which is hereditary Σ-injective in Mod C. Then N eA ∩ N (1 − e)A is injective in Mod C, and so it induces a decomposition
As a direct consequence of the theorem, the classification of left split TTF-triples in Mod A is at hand. Proof . If e ∈ A is an idempotent such that I = eA is a two-sided ideal, then Ae ⊆ eA and, hence, (1 − e)Ae = 0. Now apply (the proof of) Theorem 3.1. √
Right-split TTF-triples over 'good' rings
In this section and the next hereditary perfect rings will play an important role. We gather some known properties of them which will be useful: Proof . From [14, Corollary 2 and Theorem 3] if follows that R is semiprimary and hereditary (whence coherent) on both sides. Then apply [7, Theorem 3.3] . √
We start with some properties of (right-split) TTF-triples which will be used in the sequel. The following one is due to Azumaya [2, Theorem 6]: and hence also Hom S (M, E) is hereditary Π-projective. In particular, this is true for E = Hom Z (S, Q/Z). By adjunction we get that M + is hereditary Π-projective. (4 ⇒ 1) Let C be a ring and B M C a bimodule structure on M . Since E = Hom Z (C, Q/Z) is an injective cogenerator of Mod C, every right C-module embeds in a direct product of copies of E. So, it will be enough to prove that Hom C (M, E) is hereditary Π-projective, which is clear by adjunction.
(2 ⇒ 4) Take X = Hom Z (C, Q/Z) in (2), and then use the universal property of the product and the hom-tensor adjunction.
(5 ⇒ 4) Since ann B (M ) = eB with e an idempotent of B, we get that a right B-module P is projective over B if, and only if, it is projective over B. Notice that every submodule of a direct product of copies of M Now, as in the proof of (5 ⇒ 4), there is no loss of generality in replacing B by B and assuming that B M is faithful. Then B B is a submodule of End(M S ), which is hereditary Π-projective by (1) . Then every submodule of a direct product of copies of B B is projective, which implies that B is hereditary perfect by [7 Finally, the equivalence of (6) with (1)- (3) follows as the equivalence of (4) with (1) We can now give the desired partial classification. 
iii) H M is faithful and FP-injective.
Proof . (2 ⇔ 3) is left as an exercise. . That gives the desired triangularization
(1 ⇒ 2) From Proposition 4.4 we know that I = Ae, for some idempotent e ∈ A.
Then eA(1 − e) = 0 and we can identify A with We want to identify now t(N ) for every
. Now, using the usual adjunction we have an isomorphism
Then 
ii) Every idempotent ideal of A which is pure on the left is also finitely generated on the left (e.g. A left Noetherian).
Proof . Using Proposition 4.4, under conditions i) or ii) the idempotent ideal associated to a right split TTF-triple in Mod A is always finitely generated on the left. With that in mind, the result is a direct consequence of the foregoing theorem. √
Right-split TTF-triples over arbitrary rings
Let (C, T , F ) be a TTF-triple in Mod A with associated idempotent ideal I. If lann A (I) = t(A A ) = (1 − ε)A, for some idempotent ε ∈ A, then εA(1 − ε) = 0 and I ⊆ εAε. Proof . According to our previous comments, our goal reduces to prove that if (C, T , F ) is a TTF-triple such that t(A A ) = (1 − ε)A is a direct summand of A A , then it is right split if, and only if, the TTF-triple defined by I in Mod εAε is also right split. 'Only if' part: Every right εAε-module X can be viewed as a right A-module (by defining X · (1 − ε)A = 0), and then X = t(X) ⊕ F = ann X (I) ⊕ F .
'If' part: Conversely, suppose that the TTF-triple in Mod εAε associated to I is right split, and put C = εAε , B = (1 − ε)A(1 − ε) and M = (1 − ε)Aε. As usual, we can identify A with 
is a morphism of A-modules, which is then a retraction for the canonical inclusion t(N ) ֒→ N . √
In the situation of the above proposition, one has that lann εAε (I) = 0, that is, the TTF-triple (C ′ , T ′ , F ′ ) in Mod εAε associated to I has the property that εAε εAε ∈ F ′ . The problem of classifying right split TTF-triples gets then reduced to answer the following:
Question. Let I be an idempotent ideal of a ring A such that lann A (I) = 0 (i.e., A A ∈ F where (C, T , F ) is the associated TTF-triple in Mod A). Which conditions on I are equivalent to say that (C, T , F ) is right split?
Given a right A-module M and a submodule N , we shall say that N is Isaturated in M when xI ⊆ N , with x ∈ M , implies that x ∈ N . Equivalently, when
When X is a subset of A, we shall denote by M n×n (X) the subset of matrices of M n×n (A) with entries in X. there exists x ∈ a such that (1 n − x)a ⊆ M n×n (I).
2) For every integer n > 0 and every I-saturated submodule K of A (n) , the quotient has that F (
a+Mn×n(I) . Assertion (2) is equivalent to say that, for such a K, the canonical projection (
The proof is whence reduced to check that condition (1) is equivalent to say that the canonical projection
a+Mn×n(I) is a retraction in Mod M n×n (A), for every M n×n (I)-saturated right ideal a of M n×n (A). To do that it is not restrictive to assume that n = 1, something that we do from now on in this proof. Then the existence of an element x ∈ a such that (1 − x)a ⊆ I is equivalent to say that there is an element x ∈ a such thatx = x + I generates a+I I andx 2 =x. That is clearly equivalent to say that the canonical projection (2 ⇒ 3) By Lemma 4.2 we know that I is pure on the left. Moreover, since A A ∈ F we get lann A (I) = 0. On the other hand, the fact that F/F I is projective over A/I, for all F ∈ F, implies that if K < a (n) is an I-saturated submodule then K+I (n) is projective as a right A/I-module. In case F is not necessarily finitely generated, then F = F α is the directed union of its finitely generated submodules, which implies that F/F I is a direct limit of the F α /F α I. Then F/F I is a direct limit of projective right A/I-modules. Since A/I is right perfect, we conclude that F/F I is projective over A/I, for all F ∈ F. √
The desired full classification of right split TTF-triples in Mod A is now available: . We leave as an exercise to check it directly by using an argument similar to 1.
3) If A is commutative and we denote by L, C and R the sets of left, centrally and right split TTF-triples in Mod A, respectively, then L = C ⊂ R and the last inclusion may be strict. Indeed, since all idempotents in A are central, the equality L = C follows from Corollary 3.2. On the other hand, if k is a field and A = {λ = (λ n ) ∈ k N : λ is eventually constant}, then I = k (N) is an idempotent ideal of A which is pure and satisfies that ann A (I) = 0. Moreover, one has A/I ∼ = k and then condition (3) in Theorem 5.4 holds (see Example 5) . The associated TTF-triple is then right split but not centrally split. 
